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EXAMPLES OF FINITE-DIMENSIONAL HOPE ALGEBRAS 
WITH THE DUAL CHEVALLEY PROPERTY 


NICOLAS ANDRUSKIEWITSCH, CESAR GALINDO AND MONIQUE MULLER 

Abstract. We present new Hopf algebras with the dual Chevalley 
property by determining all semisimple Hopf algebras Morita-equivalent 
to a group algebra over a finite group, for a list of groups supporting a 
non-trivial finite-dimensional Nichols algebra. 


1. Introduction 

1.1. A Hopf algebra has the dual Chevalley property if the tensor product 
of two simple comodules is semisimple, or equivalently if its coradical is 
a (cosemisimple) Hopf subalgebra. These Hopf algebras are interesting by 
various reasons, among them the Lifting Method for their classification |ASj . 
Particular classes are the pointed (the coradical is a group algebra) and 
copointed (the coradical is the algebra of functions on a finite or reductive 
group) Hopf algebras. However few examples out of these classes has been 
discussed in the literature [CDMMi IMm] . The purpose of this paper is to 
present explicit examples of Hopf algebras with the dual Chevalley property. 

1.2. In this paper the underlying field k is algebraically closed of charac¬ 
teristic 0. Then the coradical of a finite-dimensional Hopf algebra with the 
dual Chevalley property is a semisimple Hopf algebra. Let us consider the 
problem of constructing (and eventually classifying) finite-dimensional Hopf 
algebras A whose coradical Aq is isomorphic to a fixed semisimple Hopf 
algebra H. For this, we need to address three problems: 

(a) To find (classify) the Yetter-Drinfeld modules V G ^yV such that 
the dimension of the Nichols algebra iB(U) is finite. Then A(V) = 

is a finite-dimensional Hopf algebra with A(U)o — H. 

(b) To find (classify) the deformations, or liftings, of A{V); that is, Hopf 
algebras A such that gr A (the graded Hopf algebra with respect the 
coradical filtration) is isomorphic to A{V). 


2010 Mathematics Subject Classification. 16T05. 

N. A. and M. M. were partially supported by ANPCyT-Foncyt, CONICET and Secyt 
(UNC). C. G. was partially supported by the FAPA funds from vicerrectoria de investi- 
gaciones de la Universidad de los Andes. Part of this work was done during visits of N. 
A. to the Universidad de los Andes. 


1 







2 


N. ANDRUSKIEWITSCH, C. GALINDO AND M. MULLER 


(c) If is a finite-dimensional Hopf algebra with Aq ~ H, then prove 
that there exists V such that gr^ ~ A{V). 

1.3. Two fusion categories C and T) are Morita-equivalent if there exists 
an indecomposable C-module category Ad such that T) is tensor equivalent 
to Endc(AI) |Mu| : equivalently, if their centers are equivalent as braided 
tensor categories |ENO[ Theorem 3.1]. In this case we write C ~Mor TA. 

Two semisimple Hopf algebras K and H are Morita-equivalent (denoted 
by K ~Mor H) iff Rep K ~Mor Rep H 0, iff ^yV and are equivalent 

as braided tensor categories. When this is the case, the braided equivalence 
F : Hy^ preserves Nichols algebras, i.e. J'(*B(E)) ~ 1B(J^(E)). 

In consequence, if Problem (|aj) above is solved for K, then so is for H. 
Also, Problem (jcj) is equivalent to: if 55 —» 5S(P) is a hnite-dimensional pre- 
Nichols algebra in then necessarily IB ~ 1B(E). Therefore, if Problem 

(jcj) above is solved for K, then so is for H. 

In this paper, we construct Hopf algebras with the Chevalley property over 
a semisimple Hopf algebra H that is Morita-equivalent to a group algebra 
K = kG, G a hnite group, provided we know examples, or even better the 
classihcation, of P G ^yV with dim*B(P) < oo. 

1.4. Let G be a hnite group. The characterization of all semisimple Hopf 
algebras Morita-equivalent to kG follows from m as we briehy recall now. 

o Duals. If LI is a semisimple Hopf algebra, then H* ~Mor H- just take 
Ad = veck. In particular vecc ~Mor RepkG, where vecg is the category of 
hnite-dimensional G-graded vector spaces. 

o Group-theoretical Hopf algebras. Let F,T < G be such that G = FP- 
but F n r need not be trivial. Given a suitable pair (a,/3) G LL^(F, k^) x 
H^{T, k^), cf. Dehnition l2.ll there is a corresponding Hopf algebra P) 

such that H^i^{F,T) ~Mor IkG. The collection (F, Q;,r,/3) is called a group- 
theoretical datum for G. These are all Hopf algebras arising from hber 
functors of all fusion categories Morita-equivalent to vecc P, therefore all 
H ~Mor IkG are like this. See ^2.21 for more details. Notice however that to 
decide when two of these Hopf algebras are isomorphic is not evident. 

We describe next some particular instances of this notion. 

o Twistings. Two hnite-dimensional Hopf algebras H and H' are twist- 
equivalent if and only if Rep H and Rep H' are tensor equivalent |EG2j IST] . 
Therefore, if J G kG ® kG is a twist, then (kG)*^ ~Mor IkG. Furthermore, if 
U is a pointed Hopf algebra with G{U) ~ G, then J G 1/ 1/ is a twist and 

the Hopf algebra with coradical (kG)*^, has the dual Chevalley property. 
Hence, if Problem (jb]) is solved for kG, then so is for (kG)*^. 

o Abelian extensions BIT]. Assume that G = FP is an exact factorization 
(i.e., F, P < G with G = FP, F n P = 1) and that H hts into an exact 


®'This is not the same as being Morita-equivalent as algebras. 
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sequence 

( 1 . 1 ) 1 - - ^ 1 , 

associated to this factorization. Let (cr, r) € Opext(k^, kF) be the corre¬ 
sponding pair of 2-cocycles. Thus H = k^ '^#fjkF is a bicrossed product. 
Let uj G Z^(G,k^) be the 3-cocycle arising from (cr, r) in the Kac exact 
sequence; we say that H has 3-cocycle u. Albeit RepkG and Rep F[ are not 
necessarily tensor-equivalent, D{H) is isomorphic to a twist of D‘^{kG) [N21 
Theorem 1.3]. Hence, if a; = 1, then H ~Mor kG by |ENO[ Theorem 3.1]. 

1.5. As is well-known, the Nichols algebra 5S(H) depends essentially only 
on the underlying braided vector space to the Yetter-Drinfeld module V. 
Here we shall not consider braided vector spaces of diagonal type-except for 
Yetter-Drinfeld modules over some dihedral groups, see Table [ 6 ] in Section 
M We focus on braided vector spaces of rack type, see e.g. m or [AFdVj . 
For more examples with braided vector spaces of diagonal type see [CDMMl 
IMmj . Let {X, q) be a pair where A is a rack and q a 2-cocycle, let V be the 
associated braided vector space and assume that fB(Y) is finite-dimensional, 
cf. [HLVj . We consider a group G such that V is realized in We 

then compute all group-theoretical data (F, a, T, j3) for G. Consequently, 
H = H^^{F,T) ~Mor kG and there is V' G §yV such that *B(H') ~ *B(H), 
as algebras and coalgebras. We summarize our computations in Tabled) 

Table 1. 


(^,q) 

dim«B(Y) 

Reference 

G 

H ~Mor kG 

2^3,-! 

12 

fMSl 

Gs xGe 

Prop. 13.11 

(Q 5 , 2 , -1), (Qs.S, -1) 

1280 

[AG] 

G5 X2 G20 

Table [2) 

(Ol-l), (Olx) (Ol-l) 

576 

|FK1 IMS| 

S4 

Table [3) 

(Gfr^ryrww) 

8294400 

IFKIIG21IGGI 

S5 

Table 1 

ir,-i) 

72 

m 

A4 X G2 

Table [5) 

(Qt.S, -1); (Q7,5, -1) 

326592 

m 

C? xis Cq 

Prop. 18.11 


We describe new examples in Theorems 13.2114.3115.3116.2117.3118.2119.51 


Remark 1.1. (i) There are groups G that admit a finite-dimensional Nichols 
algebra but no non-trivial H with H ~Mor kG. For instance (F 3 ,—1) cor¬ 
responds to some V G but H ~Mor kSa implies H ~ kSs or k®3, IjS) 

Also, (Q 5 , 2 )—1) corresponds to some V G where G = k(G 5 XI 2 G 4 ); 

but H ~Mor kG implies H ~ kG or k'^, @ 

(ii) Let G be as in Tabled) or a dihedral group By Lemma 12.21 (ii 
there is no group G' 9 ^ G with kG' ~Mor kG. 
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(iii). If J G kG ( 8 > kG is a twist and U is a pointed Hopf algebra with 
G{U) ~ G, then the Hopf algebra with coradical (kG)*^, has a rather 
concrete description. Otherwise, if H ~Mor j then the braided equiv¬ 
alence —>■ is not quite explicit. In this way, neither the 

structure of the Yetter-Drinfeld module J^iV) nor the defining relations of 
are not known, and the description of the liftings is problematic. 
Notice that a direct relation between liftings of iB(H) 7 ^kG and liftings of 
is not expected. For instance, if G = S 3 and iB(H) is the 
12-dimensional Nichols algebra, then ^{V)i^kE >3 has exactly one non-trivial 
lifting |AG2| : whereas has infinitely many non-isomorphic liftings 

m- 

We use GAP (see [GAP] ! for some of the computations with finite groups. 
For most of the computations of finite group cohomology, we use the GAP pa¬ 
ckage HAP and the natural isomorphism k^) = 

Acknowledgements. We thank Graham Ellis for helping us to use the GAP pa¬ 
ckage HAP, Leandro Vendramin and Cristian Vay for kindly answering some 
questions, and Agustm Garcia Iglesias for very useful conversations. 

1.6. Preliminaries and notations. As customary we refer to group alge¬ 
bras and their duals as trivial Hopf algebras. We denote by 1 the identity 
element of a group. If n G N, then Cn is a cyclic group of order re. If G is 
a group, then the notation F < G means that F is a subgroup of G, while 
F <1 G means that F < G is normal. If t> is an action of a group G on a set 
F, then we denote by the subset of F of points fixed by >. The dihedral 
group of order 2re is denoted by F„. We denote multiplicatively the coho¬ 
mology groups F”'(G, k^). Occasionally, we denote by the same letter an 
element in F"'(G, k^) and any of its representatives. Let a, 6 G Z, the lowest 
common multiple of a and b is denoted by [a, b] and the greatest common di¬ 
visor of a and b is denoted by (a, b). We denote by Gn = {z = 1}, 

re G N, and by the primitive ones. 

One says that a G Z^(G, k^) is non-degenerate if and only if the twisted 
group algebra k^G is simple; see e.g. [Dl IMo] . Note that this definition only 
depends on the cohomology class of a. 

If A is an abelian group and T G Aut A, then A is a rack (called affine) 
with xt>y = {id—T)x + Ty, x,y ^ A. This is denoted by Qa,t] or Qg^b when 
A ~ ¥q, where <7 is a prime power, and T G AutFg, T{x) = bx, x G Fg, 
6 G Fg ~ Gq-i. Suppose that the order of b divides q — 1. Then the rack 
Qq^b can be realized as a conjugacy class of the group Gg X;, Gg_i, where 
the subscript b describes the action. Another exception to the notation is 
Fn = Qcn,T) where T{x) = —x, x & Gn (the so-called dihedral rack). Also 
T = Q 4 ,fe, 6 G F 4 irreducible, is called the tetrahedral rack. Meanwhile, O'j 
is the conjugacy class of j-cycles in 
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2. SeMISIMPLE HOPF ALGEBRAS 
Let G be a finite group. 

2.1. Twists. Twists in kG are classified, up to gauge equivalence, by con- 

jugacy classes of pairs {S,a), where S < G and a G is non¬ 

degenerate p^lKOT] . Hence S is solvable and |5| is a square. 

2.2. Group-theoretical Hopf algebras. Let uj G Z^{G,k^). The ten¬ 
sor category of finite-dimensional G-graded vector spaces with associativity 
constraint given by uj is denoted by vec^. The tensor categories vec^ and 
vecg are tensor equivalent iff /*(w) = z7 in H^{G,k^) for some / G AutG. 
If T < G and a G G^(T, k^) such that da = wi^xFxF) then the twisted 
group algebra k^F is associative in vec^. The category C{G,uj; F, a) of 
kcF-bimodules in vec^ is a fusion category and C{G,uj; F, a) ~Mor vec^. 
By Tannaka duality, to describe the semisimple Hopf algebras H such that 
Corep H is tensor equivalent to C{G,uj; F, a) is tantamount to describe the 
fiber functors from C{G,uj; F,a) to veck, that is contained in the more gen¬ 
eral description of indecomposable module categories over C{G,uj; F, a) P 
Corollary 3.1]. These Hopf algebras are called group-theoretical. By |S2| . 
the centers of C{G,uj; F, a) and vec^ are equivalent as braided tensor cate¬ 
gories. 

We are interested in group-theoretical Hopf algebras H ~Mor IkG, i.e. 
with UJ = 1. Concretely, we introduce the following terminology. 

Definition 2.1. A group-theoretical datum for G is a collection (F,a,T, /3) 
where F,L < G, a € H‘^{F,k^) and /? G H‘^{T,k^), satisfy 
o G = FL; 

° ■ /3|FnF~^ is non-degenerate in F D L. 

Let (F, a, L, /?) be a group-theoretical datum for G and choose represen¬ 
tatives a, j5. By P, there is a Hopf algebra H = H^^{F,r) with Corep LI 
tensor equivalent to C(G, 1;F, a), and a fortiori H ~Mor IkG; we say that 
F is a group-theoretical Hopf algebra over G. Up to isomorphisms, H only 
depends on a and /3; so we loosely denote H = H^^{F,T). Conversely, 
every Hopf algebra H with H ~Mor IkG is isomorphic to H^j^{F, L) for some 
group-theoretical datum (F,a,r,/3) for G by P, as sketched above. 

Let 9 G Aut G and 7 G H^{G, k^). If (F, a, L, /3) is a group-theoretical da¬ 
tum for G, then (0(F), 0 *(a 7 |j 7 ), 0(r), 0*(/37|r)) is again one. Here 0 *(a 7 |^) 
is the pushforward cocycle, i.e. 0 *(a; 7 |^)( 0 (a), 0 ( 6 )) = a(a, 6 ) 7 ( 0 , 6 ), for 
0,6 G F and analogously for 0*(/37|r)- Thus AutG x F^(G,k^) acts on 
the set of group-theoretical data; we say that two group-theoretical data are 
equivalent if they belong to the same orbit of this action. 

Lemma 2.2. Let (F, a, L, jd) he a group-theoretical datum for G. 
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(i) If 6 € Aut G and 7 € then as Hopf algebras 

if7(F,r) == Hg(„„„.(j,„,(«(F),e(r)). 

That is, equivalent group-theoretical data produce isomorphic Hopf algebras. 

(ii) is cocommutative (resp. commutative) iff F<\G is abelian 
and a € H‘^{F,k^)^'^^ (resp. T<\G is abelian and f G 

If H = H^^{F,T) is cocommutative then kG{H) ~jvfor and every 
G' such that kG' ~Mor kG arises in this way. 

(iii) HGp{F,Tr^HG^{r,F). 

(iv) H^.^{F,G) is a twisting ofkG and every twisting is of this form. 

(v) If F CiF = 1, then H(^p{F,r) is an abelian extension ofk^ by kF; 

k^ ^ H^p{F,T) ^kV. 


Proof. 


Let H = H(f^iF,T), C = vec^A = 


yF and B = k^F. Clearly 


H is the Tannakian reconstruction of the hber functor 


aCa End(ACs) ~0 veck . 

If( 0 , 7 ) G Aut Gx Z^(G, k^), then it induces a tensor automorphism (^*, 7 ) : 
vecG vecG by 

kg I-A k(9(g), 7kg,:= 7 ( 5 '; h) idkg(g;,) : k^^g^ (g) k5i(/i) -)> kQ(^gh). 

The object 9*{A) = ©ggi?lk 0 (g) is an algebra in C with multiplication 
'^e{g)'^e[h) = 1 ( 9 ^ h)u 0 (^ghy The tensor automorphism (^*, 7 ) induces 

a tensor equivalence (@*, 7 ) : aCa 0 ,{A)Ce.,{A) such that the following 
diagram of tensor functors commutes: 


( 2 . 1 ) 


aCa 
6 »* 


0 *(A)C0*(A) 


End(yiCB) 

Id 

■ End(0^(^)Ce(B)). 


End(e(A)C 0 (B)) is 


The Tannakian reconstruction of e{A)Ce[A) 

so by Tannakian formalism and the commutativity of (12.Ill , the Hopf alge¬ 
bras H^p{F,T) and 0(F)) are isomorphic. 

A semisimple Hopf algebra H is cocommutative, respectively com- 


, 11 , 


mutative, if and only if Corep H, respectively RepH, is pointed. By [Nai 
Theorem 3.4], C(G, l',F,a) is pointed if and only if T is a normal abelian 
subgroup of G and a is ad G-invariant. This implies the claim. 
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111 , 


Let {F, a, L, /3) be a group-theoretical datum for G. We have associ¬ 
ated two fusion categories kQF(vecG)kaF) k; 3 r(vecG)k^r and the bimodule 
category of rank one kQF(vecG)k^r- The Hopf algebra H^p{F,T) (resp. 
H^^{T, F)) is by dehnition the Tannaka reconstruction of kaF(vecG)kQ-F 
(resp. k^r(YecG)k^r) respect to the fiber functor defined by the left (resp. 
right) module category kaF’(vecG)k^r- Now, it follows by m Appendix C] 
thati/G^(F,r)*^//^jr,F). 

The fusion category 

Rep G) ~ Corep Hf^{G, F) ~ C(G, 1; G, 1) = kG(vecG)kG 


IV 


is tensor equivalent to Rep G. Then {F, G) is twist equivalent to kG. 
Conversely, if Lf ~ (kG)"^, then RepLf ~ RepG ~ C(G, 1;G, 1). Thus 
H ~ H^i{F,G) for some F <G and a £ Z^(F,C^) non-degenerate. 

Let A be any extension of k^ by kT with 3-cocycle ui. By |S3l Lemma 
6.3.1], and Aa are extensions of k^ by kT with 3-cocycle w. Now 

by |N2[ Remark 4.6], H = F[^^{uj,F,r) ~ Aa^^^ = {A-^^^'>)a; notice that 
T, F) ~ F[*, because of the convention in [N2j that Rep A^j^ {u,T,F) 
is tensor equivalent to C{G,uj; F,a). Hence H is an extension of k^ by kT 
with 3-cocycle ui, applying twice |S3l Lemma 6.3.1]. Since the split extension 
has 3-cocycle 1, H^p{F, T) turns out to be an abelian extension. □ 

We shall compute all group-theoretical data of some specihc groups and 
then determine the isomorphism classes of the corresponding group-theoreti¬ 
cal Hopf algebras. We present now some auxiliary results for this end. 


(v) 


Remark 2.3. Let {F,a,T,/3) be a group-theoretical datum for G. If 7 e 
H^(G, k^), such that 'y\p = a~^ then (F,a,r,/3) and (F, 1, T,/^ylr) are 
equivalent, so H^^{F,T) ~ T). Similarly, with T instead of F. 

Lemma 2.4. Let (F, a, r,/3) be a group-theoretical datum, H = F^^(F, T), 
K = {g £ Ng{F)/F : [a] = [a^]}. Then G{H) fits into an exact sequence 

(2.2) 1 - ^F^ - ^G{H) --^ 1 , 

Proof. Since G{H) is isomorphic to the group of invertible objects in the 
tensor category Corep H ~ C(G, 1; F, a), the claim follows from [GeN] . □ 

The action and the cocycle in (12.2p are explicitly given in |CeNj . In 
particular, if a = 1, then G{H) ~ F xi Ng{F)/F. 

Lemma 2.5. Let G' he a finite group. Let (F, a, r,/3) and (F', a', T', /?') be 
group-theoretical data for G and G' respectively. Then RepLI^^(F, T) and 
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) are equivalent as tensor categories if and only if there is 
an invertible vecc-y&CQ/-bimodule category X such that 

?C 

as vecG-module categories, where A^(r',/3') and A^(r,/3) are the module 
categories associated to the pairs (r',/3') and (r,/3). 

Proof Recall that Rep T) C{G, 1; F, /3) and Rep {F', T') 

C(G', 1;r',/3'). Then |GPl Proposition 5.1] applies. □ 


3. Group-theoretical Hope algebras over G = C 3 x Cq 

The group §3 has a Yetter-Drinfeld module V with dimiB(P) = 12 |MS| . 
but there is no non-trivial group-theoretical Hopf algebra over § 3 . Indeed, 
the classification of the Hopf algebras of dimension 6 = |§ 3 | is known: kCg, 
k §3 and k^ 3 _ Hence the only group-theoretical Hopf algebras over § 3 , up to 
Morita-equivalence, are kS 3 and k^ 3 _ 

However the braided vector space V can be realized as a Yetter-Drinfeld 
module over Gm = ^ 3 x 1 C2m, m € N, see m § 4 ]. Here we deal with the 
group-theoretical Hopf algebras over G 3 x Gq. Notice that the classification 
of the semisimple Hopf algebras of dimension 18 is known [M] . 

Let ^ £ G3, L = G2 = (x), N = C3X G3 = (a) X (b). The Hopf 
algebra defined in [M| 1.2], is the abelian extension associated to 

the matched pair (L, N) with > : N x L ^ L trivial, < : N x L ^ N 
given hy a’'IP < X = a^b~^ and cocycles a : L x L ^ (k'^)^ trivial and 
T : N X N ^ (k^)^ given by T{a'‘l>>,al'¥) = ( 5 i -|- Accordingly, 

G = C3 XI Ce = {x,a,b). Also, ~ Aig,,, = \r]\ [Ml 1 - 5 ]. 


Proposition 3.1. The non-trivial group-theoretical Hopf algebras over G 
are and (Aig^^)*, ^ € Gg. 

Proof. Since jG] = 2x3^, the unique non-trivial subgroup with a non¬ 
degenerated 2-cocycle is A" ~ Gg x Gg. Let M = {x,b) ~ § 3 . Let {F, a, T, /3) 
be a group-theoretical data for G; then T n T is either 1 or N. 

Case 1. T n T = 1 . Up to conjugation, either (T, T) or {T,F) is one of 


(3.5) {{ab),{x,a)). 


(3.1) (L,A) (3.3) ((a),M) 

(3.2) {{b),{x,a)) (3.4) ((a 6 ),M) 

If (T, T) is as in (13.211 . (|3.3I1 . F dG hence H^i^{F,T) is cocommutative, 

cf. Lemma 12.21 (ii) If (T, T) is as in (|3.4p . F G and T is non-abelian, 
hence H^p{F,T) is non-trivial. If (T, T) is as in (13.511 . F,T G, hence 
H^p{F,T) is non-trivial. If (T, T) is as in (j3.1ll . F G, L1^(A,k^) ~ Gg 
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and = 1, then H^p{G,N), /3 7 ^ 1, is non-trivial. Moreover, 

these cocycles give rise to isomorphic Hopf algebras. 

Case 2. FnT = N, so that (F, F) is either {N, G)~denoted by (3.6)- or else 
(G,iV). Since H‘^{N,k^) ~ C 3 and = 1 , Hfp{G,N), /3 / 1 , 

is non-trivial. Further, these cocycles give rise to isomorphic Hopf algebras. 
So we have the following possibilities: 


# 

F 

a 

F 

/? 

G{H) 

G{H*) 

mi 

LzzG2 

1 


/I 

Ce 

G3XG3 

dsai) 

(ab) ~ G3 

1 

M ~ S3 

1 

C3XG3 

Ce 

(|33|) 

(ab) 

1 

(x, a) ~ Ge 

1 

C3XG3 

Ce 

(3.6) 

N 

/I 

G 

1 

C3XG3 

Ce 


By [Ml 2.3, 2.5], since \G{H)\ = 9, ~ (IHD ~ (l33|) ~ (3.6) ~ 

since \G{H)\ = 6, (13.11) ~ (13.4D * ~ (13.5p * ~ (3.6)* ~ (Hig^g)*. □ 

Thus ^ 18 ,g — (3.6) is a twisting of kG. 

Theorem 3.2. The Hopf algebras o-nd (Hi8 ,c)* have a non-zero Yetter- 
Drinfeld module V with dim*B(H) < 00 . By bosonization, we get new Hopf 
algebras with the dual Chevalley property of dimension 216. □ 

The liftings of ^{V)ffkG, where V is as above, are classified in [GVl 
Theorem 6.2]. Indeed, let (xj)o^js £2 be the basis of V as in loc. cit. Let 

S = {(Ai,A 2 ) G k^ satisfying |GVl (29), (33)]}. 

For (Ai, A 2 ) G S, let H{Xi, A 2 ) be T{V) ffkG modulo the ideal generated by 

xl-\i{l-gl) and xqXi + X 1 X 2 + X 2 X 0 - \ 2 {l - gogi). 

Then 

• H{Xi,X 2 ) is a lifting of 5S(H)#kG, 

• any lifting of )B(H) ^kG is isomorphic to H{Xi, X 2 ) for some (Ai, A 2 ) G 5, 

• H{Xi, X 2 ) — H{X[, X' 2 ) iff there exists /r G k^ such that (Ai, A 2 ) = ir(A}, A 2 ). 

Remark 3.3. The classification of all liftings of follows from 

|GV[ Th. 6.2]. Namely, let J G kG 0 kG such that ~ (kG)"^. Then 

• iF(Ai,A 2 )'^ is a lifting of 1B(H) for every (Ai,A 2 ) G 5, 

• any lifting of )B(H) ffAi^^^ is ~ to Ff(Ai,A 2 )‘^ for some (Ai,A 2 ) G <S, 

• H{Xi, A 2 )‘^ ~ F(A}, A 2 )‘^ iff there is /r G k^ such that (Ai, A 2 ) = /i(A}, A 2 ). 
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4 . Group-theoretical Hope algebras over G = Cs X 2 G20 

The group G = G 5 X 2 G 4 has two Yetter-Drinfeld modules Vj, j = 2,3, 
with dim*B(y, ) = 1280 |AGj : Vj has braided vector space with rack Qsj and 
cocycle —1, and V 2 — ^" 3 * in ^ group-theoretical Hopf algebra 

over G 5 X 2 G 4 ~ G 5 X 3 G 4 is trivial. Indeed, a non-trivial subgroup of 
G 5 X2 G 4 does not admit a non-degenerated 2-cocycle, (alternatively, there 
is no triangular Hopf algebra of dimension 20 [Gkl INI] ). Thus such a group- 
theoretical Hopf algebra would be an abelian extension, hence trivial. 

However the braided vector spaces Vj, j = 2 or 3, can be realized as 
Yetter-Drinfeld modules over G 5 X 2 G 4 m — G 5 X 3 G 4 m, m G N ISYl §4]. 
Here we deal with group-theoretical Hopf algebras over G 5 X 2 G 2 o- 

Proposition 4.1. The non-trivial group-theoretical Hopf algebras over G = 
Cs X2 1^20 ®ce given by the group-theoretical data in Table\^ 

Question 4.2. Is it true that gjin ~ gp ~ ~ gp? 


Table 2. Group-theoretical data for G 5 x 2 G 20 


# 

F 

a 

r 

/? 

G{H) 

[Ha 

{x) ~ G4 

1 

iV ~ Gs X Gs 

/I 

C20 

Hb 

N 


(x) 

1 

FsxGs 

IHc 

{ab) ~ G5 

1 

(6, x) ~ Gs X G4 

1 

Fs xGs 

Hd 

{h,x) 

1 

(ab) 

1 

C'20 

[He 

{ab) ~ Gs 

1 

(x^a^) ~ G20 

1 

F5XG5 

Hf 

(x^a^) 

1 

(ab) 

1 

C'20 

Hg 

~ G5 X G5 


G 

1 

Gs xGs 

Hlh 

G 

1 

N 


C'20 


Proof. Let G = {a,b,x) , where |a| = \b\ = 5, |x| = 4, a is central and 
xbx~^ = 6 ^. Then N = (a, b) c::i C 5 X G 5 is a normal 5-Sylow subgroup. Since 
G has no subgroup isomorphic to C 2 x G 2 , the unique non-trivial subgroup 
with a non-degenerate 2-cocycle is N. Let {F, a, T, (3) be a group-theoretical 
data for G; then T n T is either 1 or N. 

Case 1. FnT = 1. Up to conjugation, either (H,T) or {T,F) is one of 


(4.5) {{ab),{x^a^)) 


(4.1) {{x),N) (4.3) ((a),( 6 ,x)) 

(4.2) {{b),{x^a^)) (4.4) {{ab),{h,x)) 

If (F,r) is as in (gT]), F ^ G, H'2(r, = 1 and ~ G 5 , 

then Hfp{F,T), /I 7 ^ 1, is non-trivial. Moreover, these cocycles give rise 
to isomorphic Hopf algebras, denoted bv liial If (F, T) is as in (|4.2jl . (|4.3I) . 
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F <\G hence F) is cocommutative, cf. Lemma [2.2l (ii) If (-F, F) is as 

in F f^l G and F is non-abelian, then H^^{F,T) is non-trivial, giving 

lita If (F,F) is as in (gSD, F,T ^ G hence H^f^{F,T) is non-trivial, thus 

litei 

Case 2. F nV = N. Up to conjugation, either (-F, F) or (F,F) is {N,G). 
Since F['^{r,k^)‘^^ = 1 and FI^(F,k^) ~ G 5 , H^p{F,r), /3 / 1, is non¬ 
trivial. Moreover, these cocycles give isomorphic Hopf algebras, i.e. [^gj □ 

Observe that dig] is a twisting of kG. 


Theorem 4.3. The Hopf algebras from Table [H have two dual non-zero 
Yetter-Drinfeld module V with dimiB(U) = 1280. By bosonization, we get 
new Hopf algebras with the dual Chevalley property of dimension 128000. □ 

The liftings of 5S(U)^kG, where V is as above, are classified in [GVl 
Theorem 6.4, Theorem 6.5]. Indeed, let (xj)o^j ^4 be the basis of V as in 
loc. cit. Let 

S = {(Ai,A 2 ,A 3 ) e k^ satisfying |GVt (29), (33)]}. 

For (Ai,A 2 ,A 3 ) G S, let FI(Ai,A 2 ,A 3 ) be T{V) ^kG modulo the ideal gen¬ 
erated by 

Xq - Ai(l - 50), xqXi- h X2X0 + X3X2 + X1X3 - A 2(1 - 5 offi) and 

xixoxixo + xoxixoxi - sx - A 3(1 - gogig 2 ), for 
Sx = \2ixiXo+XoXi)+Xigf{x3Xo+X2X3)-XigQ{x2X4+XiX2)+X2>^l9i{l-gig2)-, 
or by 

Xq - Ai(l - 50 ), xixo + X 0 X 2 + X 2 X 3 -h X 3 X 1 - A2(1 - 5o5i) and 
X0X2X3X1 X1X4X3X0 - s'x- A3(1 - glgigz), for 
s'x = X2{xQXi+xiXo)-Xigl{x3X2+xoX3)-Xigl{x3X4^+xiX3)+XiX2{gl+gl-2glgig3). 
Then 

• H{Xi, X 2 , X 3 ) is a lifting of *B(U)#kG, 

• any lifting of iB(U) #kG is ~ to H{Xi, X 2 , A 3 ) for some (Ai, A 2 , A 3 ) G S, 

• H{Xi, X 2 , A 3 ) ~ H{X[, A 2 , Ag) iff there exists // G k^ such that (Ai, A 2 , A 3 ) = 

A 2 ) -^s)- 


Remark 4.4. Let H be the Hopf algebra corresponding to mi The clas¬ 
sification of all liftings of ^{V)f^H follows from [GVl Th. 6.4, Th. 6.5]. 
Namely, let J G kG ® kG such that H ~ (kG)*^. Then 

• H{Xi, X 2 , Xs)'^ is a lifting of iB(U) ifH, for every (Ai,A 2 , A 3 ) G S, 

• any lifting of 8 B{V) ffH is ~ to H(Ai, A 2 , A 3 )'^ for some (Ai, A 2 , A 3 ) G <S, 

• H{Xi, X 2 , X^)"^ ~ H{X[, X' 2 , X'^y iff there is G k^ such that (Ai, A 2 , A 3 ) = 

A 2 , Ag). 
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5. Group-theoretical Hope algebras over §4 

The classification of the finite-dimensional pointed Hopf algebras over S 4 
was completed in [GG| : there are exactly three non-zero Yetter-Drinfeld 
modules over Ik §4 whose Nichols algebra is finite-dimensional and all admit 
non-trivial deformations. The underlying rack and cocycle are (0|,—1), 
(0|,x) or (of, —1). Here we deal with the group-theoretical Hopf algebras 
over G = S 4 ; since OutS 4 = 1, we need to describe all group-theoretical 
data for G up to conjugacy, cf. Lemma [221 

Proposition 5.1. The classification of the non-trivial group-theoretical Hopf 
algebras overE >4 is given by the group-theoretical data in Table\^ 

Table 3. Group-theoretical data for S 4 


# 

F 

a 

T 


G(H) 

Ela 

((34),(13)(24))^Zl4 

1 

((243)) ~ G 3 

1 

C2 X G 2 

Ob 

((243)) ~ G 3 

1 

((34),(13)(24)) cxA 

1 

S 3 

Elc 

((12),(34)) ~G 2 xG 2 

/I 

S 4 

1 

Da 

Eld 

S 4 

1 

((12), (34)) 

7^1 

C2 


Proof. Since IS 4 I = 2 ^ x 3, every non-trivial subgroup that admits a non¬ 
degenerated 2-cocycle is isomorphic to C 2 x G 2 . Let {F,a,T,(3) be a group- 
theoretical data for S 4 ; then T n T is either trivial or else ~ G 2 x ( 72 . 

Case 1. Assume that F DT = 1, i.e. {F,T) is an exact exact factorization. 
Up to conjugation, either {F,T) or (T,F) is one of 


(5.1) (((34)),((13)(24),(243))) ^(G2,A4) 

(5.2) (((243)),((34),(13)(24))) ^ (C3,D,), 

(5.3) (((1324)), ((34), (243))) ~ (G 4 , S 3 ), 

(5.4) (((14)(23), (13)(24)), ((34), (243))) ~ (G 2 x ^ 2 , 83 ). 


If (F,T) is as in ()5.4p . ((14)(23), (13)(24)) <l S 4 hence H^'^^{F,r) is cocom- 
mutative. If (F, T) is as in the remaining cases, F is not normal in S 4 , A 4 is 
non-abelian and the others T are not normal, hence LI®(g(T, T) is non-trivial, 
cf. Lemma [22]p)| Also iL^^^(F,r) ~ Hf\(F,r) by Remark (221 
Case 2. Assume that F (IT ~ G 2 x ( 72 . Up to conjugation, either (F, T) or 
(r, F) is one of 


(5.5) (((I2),(34)),G)~(G2xG2,S4) 

(5.6) (((14)(23),(13)(24)),G) ~ (G 2 x G 2 ,S 4 ) 

(5.7) (((14)(23),(34)),((I3)(24),(243))) ^ (D,,A,). 


















HOPF ALGEBRAS WITH THE DUAL CHEVALLEY PROPERTY 


13 


If (F,r) is as in (I5.6p . H = is cocommutative by Lemma [ 

i) but if it is as in (15.Sp . then H (a twist of k§ 4 ) is non-trivial since F S 4 . 

We next deal with {F,T) as in (|5.7I) . If a G 77 ^( 774 ,k^) ~ (72 
i 7 ^(A 4 ,k^) B /3, then a|i?nr ' /5|Fnr~^ / 1 iff either a 7 ^ 1 and /3 = 1, 
or vice versa. By Lemma [22] (h). F[^\{F,T) and L) are non-trivial, 

since F and A 4 are non-abelian. By Bemark 12.31 H^\{F,T) ~ L). 

If (r,F) is as in any of the cases (15.ip . ..., p5.7p above, then L7®‘^(r,F) 
is dual to 77 = 77®^(A, L) by Lemma l 2 . 2 l|(iii)[ In conclusion, we have the 
following non-trivial Hopf algebras (with a slight abuse of notation): 


dSH) 


dSH)* 

77ft(A4,G2); 

(I^ 

HfUC3,D^), 

(1521)* 

^fU^4,G3); 

ISM 


(lOll* 


(153|) 

HI\{G2 X G2,§4), 


77f^^(S4,G2 X G 2 ) 


77f^^(7l4,A4), 

([521)* 



By Lemma [521 below, the Hopf algebras ()5.1I) . (15.2p * and (15.7p are twist- 
equivalent, but since C(S 4 ,1; ((234)), 1) admits a unique fiber functor, then 
all of them are isomorphic-this gives [5tal with dual l5fbl Similarly, by Lemma 
15.21 the Hopf algebras ()5.3I) and (15.51) are twist-equivalent, hence isomorphic 
because kS 4 admits a unique non-trivial twisting-this gives [5tcl with dual 
EEl The computation of the various G{H) is performed via Lemma 12.41 
hence the Hopf algebras in Table [3] are not isomorphic to each other. □ 


Lemma 5.2. (i) (^(§ 4 ,1; ((34), (243)), 1) =0 C(S 4 ,1; S 4 , a) =0 RepS 4 , 

where a G 77^(§ 4 , k^). 

(ii) ( 7 (S 4 , 1; ((234)), 1) =0 C(§ 4 , 1; A 4 , /3), w/iere/7 G 772 (A 4 ,k^). 


Proof. Let us recall some results related with invertible bimodules over 
pointed fusion categories and the tensor product of their module categories: 

If Tb is an invertible vecc-bimodule category then as right vecc-module 
category X = A4{A,a), where A <] G is abelian and a G 77^(H, k^)*^^*^, cf 
[GP[ Corollary 7.11]. In the case of G = S 4 , there are invertible bimodule 
categories X such that as right vec§ 4 -module category X = A4{N,a), where 
N is the Klein normal subgroup of S 4 , cf [NR,[ Subsection 8.2]. 

The rank of Ai{F,a) Klvecg^ can be calculated as follows: Let 

X := F\G and Y := G/T the right and left transitive G-sets associated. 
The groups G acts on X xY as g-{x,y) = {xg~^,gy). Let {ixi,yi)}i^F\G/r 
be a set of representatives of the orbits of G in X x K (the set of G-orbits 
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is in correspondence with the (F, r)-double cosets), then there is a bijective 
correspondence between simple objects in A4{F, a) Klyecs^ /3) and irre¬ 

ducible representations of Bsq. StabG(xj, j/j), where a* are certain 2 -cocycles 
associated with a and /3, cf |GPl Theorem 7.15, Corollary 7.16]. 

(i) By Lemma [2. 5 1 we have to see that there is an invertible vec§ 4 -bimodule 
category X such that 


XI 


^vecs, 


Ad(((34),(243)),l) ^M(S 4 ,a), 


since C(§ 4 ,l;§ 4 ,a) =0 RepS 4 for all a € 77 ^( 84 ,k^). 

Let X be an invertible bimodule categories such that as right vecg^-module 
category X = Ai{N, a), where N is the Klein normal subgroup of S 4 . The 
rank of A4{N,a) Klvecs 4 since N and ((34), (243)) 

are an exact factorization of S 4 . 

The module categories A 4 (S 4 ,a) are characterized as the vecs 4 -module 


categories of rank one. So, X 


"•vecs. 


A4(((34),(243)),l) ^7W(S4,a). 


11 , 


Again, let X be an invertible bimodule categories such that as right 
vec§ 4 -module category X = Ai{N, a), where N is the Klein normal subgroup 


of § 4 . Then rank Ai{N,a) 


^vecg^ 


A4((((234)))), 1) is two, since there are only 


two (((234)), A^)-double cosets and their stabilizers are trivial. 

The module categories A 4 (A 4 ,/ 3 ) are characterized as the vecs 4 -module 


categories of rank two. So, X I 


^vecs^ 


M(((234)),a) ^M(A4,/3). 


□ 


Then the Hopf algebra associated to lStel is a twisting of kS 4 . 

Theorem 5.3. The group-theoretical Hopf algebras in Table 0 have ex- 
aetly 3 non-zero Yetter-Drinfeld modules whose Niehols algebra is finite¬ 
dimensional. By bosonization, we get new Hopf algebras with the dual 
Chevalley property of dimension 13824- C 

The liftings of *B(K) 7 (tk§ 4 , where V is as above, are classified in [CGI 
Proposition 5.3]. Indeed, for the ql-data [GGl Def. 3.5] 

• Qr'M = (§4,o|,iu,L{o,A,r}), 

• Q 4 W = -,^{0,0, A}) and 

. P[t] = ((§4,Otl,-,L{A,0,r})), 

where A,r,A G k, t = (A,P), let H{Qf^[t]), H{Q^[\]) and H{V[t]), respec¬ 
tively, be the algebras presented by generators and relations 
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• {tti, Hr : i ^ C>4j T G S4}) 

Hq — Ij HrHg — Hr Si T^S ^ S4, 

HjOii — cbjijHj, i,j G O21 

2 _ n 

“(12) ~ 

0(12)'^(34) + 0(34)0(12) = r(l — -f^(12)-f^(34))5 
0(12)0(23) + 0(23)0(13) + 0(13)0(12) = A(1 — -f^(12)-f^(23))) 

• {tti, Hr '■ i € O2, r G S4}, 

H^ — 1 ; HrHg — Hrsi T^S ^ S4, 

Hjtti = Xi{j)ajijHj, i,j G C>2, 

2 _ n 

“(12) ~ 

“(12)0(34) “ 0(34)0(12) = 0, 

0(12)0(23) “ 0(23)0(13) — 0(13)0(12) = A(1 — H^i2)H{2X))'i 

• {ai,Hr : i e 0 ^,r e S4}, 

H^ — 1) HrHg — Hr Si T^S ^ S4, 

HjUi — CijijHj^ i G G C?2i 

“^1234) = r(l — //(i3)ff(24)), 

0(1234)0(1432) + 0(1432)0(1234) = 0, 

0(1234)0(1243) + 0(1243)0(1423) + 0(1423)0(1234) = r(l — ff(i2)i^(l3)) • 

Then 

• these algebras are liftings of )B(y)^k§ 4 , 

• any lifting is isomorphic to one of these algebras, 

• iff t 7^ 0 and t = t' G P,^ or if t = t' = (0,0), 
and the same holds for H{'D[t])-, H.{Q^[\]) ~ H{Q^[l])i VA G and 
n{Ql[l]) 9 ^ n{Qm)i [SSI Lemma 6.1], 

Remark 5.4. Let H be the Hopf algebra corresponding to IStel The classifi¬ 
cation of all liftings of ^{V)i^H follows from |GGl Prop. 5.3]. Namely, let 
J G kS4 G k§4 such that H ~ (k§4)'^. Then 

• 1 ^(QlfA])"^ and H{V[t]y are liftings of ^{V) 

• any lifting of 55(14) jjiH is ~ to 'H{Q,y[t]y, H{QW\]y or H{V[t\y, 

• "^{QyiAy — '^{Qyy]y iff t 7^ o and t = t' G P^ or + t = P = (O, O), 
and the same holds for H.{'D[t]y] '^(^^[A])'^ ~ ’^(Q^)!])'^) ^A G k^ and 
^(Q4[1])‘^ ?^^(24[0])‘^- 
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6. Group-theoretical Hope algebras over §5 

The classification of the finite-dimensional Nichols algebras over §5 is 
unknown; there are two non-zero Yetter-Drinfeld modules over kSs with 
finite-dimensional Nichols algebra [FKtlG2[IGG| and one open case |AFGV| . 
The underlying rack and cocycles are (O2, —1) or (O2, x)- Here we deal with 
the group-theoretical Hopf algebras over ^ = 85 (up to conjugacy because 
OutG = 1, cf. Lemma l2.2j) . 

Proposition 6.1. The classification of the non-trivial group-theoretical Hopf 
algebras overS^ is given by the group-theoretical data in Table^ 


Table 4. Group-theoretical data for §5 


# 

F 

a 

F 


G{H) 

Ela 

((45)) ^ C2 

1 

((12345), (345)) - As 

1 

C2 X §3 

lb 

((12345), (345)) 

1 

((45)) 

1 

C2 

Ic 

((12345)) ~ C5 

1 

((345), (2435)) -§4 

1 

Gs X G4 

Id 

((345), (2435)) 

1 

((12345)) 

1 

G2 

le 

{(345),(45)):iiS3 

1 

{(12345), (2354)) - G5 x G4 

1 

C2 X C2 

If 

((12345), (2354)) 

1 

((345), (45)) 

1 

G4 

Ig 

{(12)(345)) ~ Ge 

1 

{(12345), (2354)) - G5 x G4 

1 

De 

Ih 

((12345), (2354)) 

1 

{(12)(345)) 

1 

G4 

li 

((23)(45),(24)(35)) 
~ G2 X G2 

/I 

§5 

1 

(G2 XG2) X,§3 

Ij 

S5 

1 

{(23)(45),(24)(35)) 

7^1 

G2 

Ik 

{(45), (23)) 

~ G2 X G2 


S5 

1 

Da 

n 

S5 

1 

((45), (23)) 

7^1 

C2 

Im 

((45),(24)(35)) 

~ F4 

/I 

As 

1 

C2 X C2 

In 

A5 

1 

{(45),(24)(35)) 

7^1 

G2 


Proof. Since IS 5 I = 2^ x 3 x 5, every non-trivial subgroup that admits a 
non-degenerated 2-cocycle is isomorphic to C 2 x 02 - Let (F, a, F,/l) be a 
group-theoretical data for S 5 ; then F n F is either trivial or else ~ G 2 x 02- 
Case 1. Assume that FnF = 1, i.e. (F,F) is an exact exact factorization. 
Up to conjugation, (F, F) is either of [ 6 tel [ 6 tel iGlel or [ 6 |g| or their transposes 
[ 6 lbl[ 6 ldl[ 6 lfl or [ 6 lhl Since A 5 is non-abelian and the others subgroups in this 
list are not normal, then F^^(F, F) is non-trivial by Lemma 12.21 (ii), Also 
Hl^p{F,T) ~ hI\{F,T) by Remark ESI 
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Case 2. Assume that F nT ~ C 2 x € 2 - Up to conjugation, either (-F, F) 
or {T,F) is I 6 li[ Ihlkl or IHlml By Lemma 12.21 (ii), since in the first two cases 


F yj § 5 , then § 5 ) is non-trivial. We next deal with {F,T) as in lBhnl 

If a G k^) ~ (72 ^ FI^(A 5 ,k^) B /3, then a|i?nr ‘ /3|Fnr~^ 7 ^ 1 iff 

either a 7 ^ 1 and /3 = 1, or vice versa. By Lemma 12.21 (ii), H^\{F, A 5 ) and 
A 5 ) are non-trivial, since F and A 5 are non-abelian. By Remak (2^ 
Hl\{F,A,)o.H%{F,A,). 

If (r, F) is as in any of the cases IHtel IHtel [ 6 tel [ 6 |gJ EEl Ifitkl and IHtml then 


F[^^^(T,F) is dual to LI = F) by Lemma [22] (hi) The computation 

of the various G{H) is performed via Lemma 12.41 hence the Hopf algebras 
in Table 0] are not isomorphic to each other. □ 


Theorem 6.2. The Hopf algebras from Table\^have two non-zero Yetter- 
Drinfeld modules V with dimlB(U) < 00 . By bosonization, we get new Hopf 
algebras with the dual Chevalley property of dimension 995328000. □ 


7. Group-theoretical Hope algebras over G = A^ x C2 

The classification of the finite-dimensional Nichols algebras over G = 
A 4 X C 2 is not known, but there is U G with dim*B(U) = 72 |G1| : the 

underlying rack is T and the cocycle is —1. The group AutG is isomorphic 
to S4, via : S4 —)■ AutG given by ip{a){b,i) = {aba~^,i), for all a G S4, 
b G A4, i G G 2 = {1, x}. Let M < G, 

M := (((13)(24), 1), ((12)(34), 1), (1, x)) G 2 x C 2 x G 2 . 

Proposition 7.1. The non-trivial group-theoretical Hopf algebras over G = 
A 4 X C 2 correspond to the group-theoretical data in Tahle\^ 

Question 7.2. Is it true that [^tH ~ [^El — \2jfE — [7|H — 01 — 03^ 


Proof. Since |G| = 2^ x 3, every non-trivial subgroup that admits a non¬ 
degenerated 2-cocycle is isomorphic to C 2 x G 2 . Let (F, a, F,/I) be a group- 
theoretical data for S 5 ; then F n F is either trivial or else ~ (72 x ( 72 . 

Case 1. Assume that FnF = 1, i.e. (F,F) is an exact exact factorization. 
Up to automorphism, the exact factorizations (F, F) of A 4 x C 2 are either 

(7.1) (1 X ( 72 , A 4 X 1) ~ (( 72 , A 4 ) 

(7.2) ((((12)(34),x)),A4 X 1) ~ (C 2 ,A 4 ), 

(7.3) ((((123), 1)), M) ~ (Cs, 6-2 X 172 X ^ 2 ), 

(7.4) ((((14)(23), 1), ((12)(34), 1)), (((123), x))) ^ {C 2 x C 2 , Cg), 

(7.5) ((((14)(23), l),((12)(34),x)), (((123), x))) -( 6-2 X 02 , 6 - 6 ), 
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Table 5. Group-theoretical data for G = A 4 x ( 72 . 


# 

F 

a 

F 

13 

G{H) 

Ha 

(((12)(34),x)) 

^C 2 

1 

A 4 X 1 

1 

C2 X C2 X C2 

Hb 

A 4 X 1 

1 

(((12)(34),a;)) 

1 

Ce 

He 

(((123),!)) 

~G3 

1 

M 

~^W{F\kFY^ 

a Fnr 1 

Ce 

Hd 

M 

ulunr A 1 

(((123),!)) 

1 

C2 X C2 X C2 

He 

{((14)(23),1), 

((12)(34),x)) 

~ G2 X G2 

1 

(((123),x)) 

1 

C2 X C2 X C2 

Hf 

(((123),x)) 

1 

(((14)(23),1), 

((12)(34),x)) 

1 

Ue 

Hg 

(((13)(24),1), 
((12)(34),1)) 
cs G2 X (72 


G 

1 

G2 X G2 X C2 

Hh 

G 

1 

(((13)(24),1), 

((12)(34),1)) 

/I 

Ue 

Hi 

(((13)(24),x), 

((12)(34),1)) 

-C2XC2 


G 

1 

G2 X G2 X C2 

mi 

G 

1 

(((13)(24),x), 

((12)(34),1)) 

/I 

Ue 

Hk 

M 

u Fnr A 1 

A 4 X 1 

1 

G2 X C2 X C2 

Hi 

A 4 X 1 

1 

M 

/3 Fnr ^ 1 

Ce 


or their transposes. If {F, F) as in (|7.ip or (17.4p . then F) is cocommu- 

tative. If (T, F) is as in ()7.2p . F and F is non-abelian, hence H^p{F,T) 
is non-trivial. If (T,F) is as in (17.5p . then H^p{F,V) is non-trivial, since 
F,T G. We next deal with {F,T) as in (17.31) . There are six elements in 
— and (ada) < AutG where a G G — M, acts tran¬ 
sitively on k^) — so we get isomorphic Hopf algebras. 

For such an /3, H^p{F,V) is non-trivial, as F yJl G. 

Case 2. F n F ~ G2 x G2. Up to automorphism, either (F, F) or (F,F) is 
one of 
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(7.6) ((((13)(24),1),((12)(34),1)),G) ~(C 2 xC 2 ,G), 

(7.7) (((l,x),((12)(34),l)),G) ~ (G 2 x C2,G), 

(7.8) ((((13)(24),x),((12)(34),l)),G) ~(G 2 xG 2 ,G), 

(7.9) (M,A 4 X 1) ~ (G 2 X G 2 X 6 * 2 , A 4 ). 

If (F,r) is as in ()7.6p then H^i{F,G) is cocommutative. If (A,F) is as 
in (|7.7I) or (17.8p . F ^ G, hence F[^^{F, G) is non-trivial. We next deal with 
(F,r) as in (17.9p . For a G X, F7^^(M, A 4 x 1) is not cocommutative; and 
is not commutative, since A 4 x 1 is non-abelian. A 4 x 1 ) is cocom¬ 

mutative. In conclusion, we have the non-trivial Hopf algebras described by 
the group-theoretical data in Table El □ 

Here [7|g] and I7lil are twistings of kG. 

Theorem 7.3. The Hopf algebras from Table 0 have a non-zero Yetter- 
Drinfeld module V with dim*B(H) = 72. By bosonization, we get new Hopf 
algebras with the dual Chevalley property of dimension 1728. □ 

The liftings of 88 {V)ff'kG, where V is as above, are classified in [GVl 
Theorem 6.3]. Indeed, let (®j)o<K 2 be the basis of V as in loc. cit. Let 

<S = {(Ai,A 2 ,A 3 ) G satisfying [GVl (29), (33)]}. 

For (Ai,A 2 ,A 3 ) G S, let H{Xi, X 2 , X 3 ) be T{V) ffkG modulo the ideal gen¬ 
erated by 

Xo-Ai(1-5o), xqXiX 1 X 2 + X 2 X 0 - A 2(1 - 5051 ) and 

X2X1X0X2X1X0 + X1X0X2X1X0X2 + X0X2X1X0X2X1 - sx - A 3(1 - g^gf), 
where 

sx =X2{x2XiXoX2 + X 1 X 0 X 2 X 1 + XqX 2 XiXq) - A^(5ofl'l “ dial) 

+>^i9l{9l{x2X2, + XQX 2 ) +gi93.{x2Xi Fxixy,) + gl{xiXQ + xqx^) 
-2X\gl{xQX2, - X 2 X 3 - X 1 X 2 + xixo) - 2X\gl{x2X2, - X 1 X 3 -h xqX2 - xqXi) 
- 2 X\gl{x 2 Xi + xix'i -I- 3:1x2 - X0X3 -I- XQXi) -7 A2A1 (512X0X3 -7 51X2X3 
+glxix^) + Xlgogi{x 2 Xi + xiXq -h xqX 2 - Ai) - A2A?(35(^53 - 25 o 5 i 
-9I92 - 25 o 5 i + 92 - gl+ gl) - A2(Ai - A 2 )(Ai 5 o( 5 | -7 5153 + gl + 25 o 5 i) 
-I-X2X1 -I- XiXo + X0X2). 

Then 

• iF(Ai,A 2 ,A 3 ) is a lifting of *B(H)#kG, 

• any lifting of 8 B{V) ffkG is ~ to H{Xi, X 2 , X 3 ) for some (Ai,A 2 ,A 3 ) G <S, 
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• H{Xi,X2, As) ~ H{X'i,X2, Ag) iff there exists // G such that (Ai, A2, A3) = 

-^ 2 ) ^3)- 

Remark 7.4. Let H be the Hopf algebra corresponding either to [TJg] or to 
[Tin The classification of all liftings of follows from [GVl Th. 6.3]. 

Namely, let J G kG (8) kG such that H ~ (kG)*^. Then 

• iL(Ai, A2, As)*^ is a lifting of 53(17) #77, for every (Ai,A2, A3) G S, 

• any lifting of 53(17) #77 is ~ to 77 (Ai, A2, As)*^ for some (Ai,A2,A3) G <S, 

• 77 (Ai, A2, As)*^ ~ H{X'i, A2, Ag)*^ iff there is /z G k^ such that (Ai, A2, A3) = 

-^2! "^3)- 


8 . Group-theoretical Hope algebras over G = Gy X 3 Ge 

The classification of the finite-dimensional Nichols algebras over G is not 
known, but there are Vs, V 5 G ^§^77 with dim 53(1^) = 326592, j = 3, 5, see 
m- The underlying racks are Qyj, j = 3,5; in both cases, the cocycle is 
— 1. Note that Gy Xg Gg ~ Gy X 5 Gg- 

There are two non-trivial semisimple Hopf algebras of dimension 42, 
A(2,3) and #y(3,2) ~ #y(2, 3)*; G(^y(3,2)) ~ G(^y(2,3)) ~ Gg and as 
coalgebras, #y(2, 3) ~ kGg 0 (Mg(k)*)'^, while 7ly(3, 2) ~ kGg 0 (M 2 (k)*)®. 
See |N31 Chapter 10]. 


Proposition 8.1. The non-trivial group-theoretical Hopf algebras over G 
are Aly(2, 3) and Aly (3, 2). 


Proof. Let (F, a, T, /3) be a group-theoretical data for G; then FflT is trivial. 
Up to conjugation, either (F, T) or (r,F) are isomorphic to (G 2 ,Gy x G 3 ), 
(G 3 ,Fy), or (Gg,Gy). By Lemma [2]2](ii), 77f)(Gg,Gy) is trivial, while 77 := 
77 i\(G 2 ,Gy X G 3 ) and 77' := 77 ]^]^(G 3 ,Fy) are non-trivial. 

Now H* hts into ^ f{* ^C 2 ■ Since ~ kG 30 (Mg(k)*)^ 

as coalgebras, H* ~ Aly(2,3); then 77 ~ Aly(3,2). Also, H'* fits into 
^ 77'* kGs . As coalgebras, k'^’' ~ kG 2 0 (M 2 (k)*)^. Hence 
H'* ~ Aly(3, 2); therefore 77' ~ Aly(2,3). □ 


Theorem 8.2. Each one o/Aly(2,3) and Ar{2>,2) has two non-zero Yetter- 
Drinfeld modules V with dim53(17) = 326592. Thus we get new Hopf alge¬ 
bras with the dual Chevalley property of dimension 13716864- D 


9. Group-theoretical Hope algebras over F„ 

Let Dn = {r, s : r^ = s'^ = 1, srs = r~^) be the dihedral group of order 2n. 
The classification of the finite-dimensional pointed Hopf algebras over Dn is 
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known only when n = 4t^l2,tGN m- Here we deal with the group- 
theoretical Hopf algebras over G = Dn for every n ^ 3. We summarize 
below some well-known facts about Dn- 



n odd 

n even 

Z{Dn) 

1 

(r”/2) 

Aut Dn 

{(fk,l : ik,n) = 1,0 ^l < n}] 

4>k,l{r) = r^, (j)k,l{s) = sr'- 

Subgroups 

(r^), d\n] 

(r'^,r^s), d\n, 0 ^ k < d 

Subgroups 
up to Aut Dn 

{r^), d\n] 

{r^, s), d\n 

Normal 

subgroups 

(r'^), d|n 

(r^), d\n] (r^,s); (r^,sr) 

[Dn,Dn\ 

(r) 

(r^) 

Dn 

C2 

G 2 XC 2 

H^{Dn,C^) 

1 



(#) A representative of the non-trivial class is S fy_{r'‘s^,r^s^) = 

x{r^y, j G {0,1}; where X : (r) ^ is a character of order n. Note that 

X{r^) = - 1 . 


9.1. Group-theoretical Hopf algebras over G = Dn, n odd. 

Proposition 9.1. Every group-theoretical Hopf algebra over G is trivial. 

Proof. Clearly k^) = 1 = H^{Dn/d,^^)- Let (F,a,r,/3) be a 

group-theoretical data for Dn] then F D L = 1. By routine arguments, 
using that n is odd, and Lemma 12.21 we see that (F,T) is trivial. □ 

9.2. Group-theoretical Hopf algebras over G = Dn, n even. 

Proposition 9.2. The classification of the non-trivial group-theoretical Hopf 
algebras over G is given by the group-theoretical data in Table\^ 

Question 9.3. Is it true t/iat On ~ He] ~ [3[e|? 

Proof. Let (F, a, L, f3) be a group-theoretical datum for G. Then F n L 
is either 1 or else M = ~ 6*2 x ( 72 , up to equivalence of group- 

theoretical data. 

Case 1. F n r = 1, i.e. (F, L) is an exact factorization. If F = (r*^) and 
r = (F,r^s), then (d, e) = 1, so de = n, and H^f{F,T) is cocommutative. 
Thus, we may assume that F = (r'^,r^s) and T = {r^,s), up to equivalence 
of group-theoretical data. We claim that this is an exact factorization iff 

(9.1) (d,e)=2, [d,e]=n, r^^{r‘^). 
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Table 6 . Group-theoretical data for Dn, n even 


# 

F 

a 

F 

/3 

Condition 

G{H) 

Ela 

(r'^, r'^s), 
d re, 

0 ^ k < d 
{d / 2 or 
{d n and 

d^f)} 

1 

e|re, 

{e 7 ^ 2 or 
(e 7 ^ re and 

e/i)} 

1 

(d,e) = 2 , 

[d, e] = re, 

rk ^ ^^2^ 

For d = 2, 

(G 2 xGa) xG 2 , 
if ^ is even, 

G 2 X G 2 , if t is 
odd. 

For d 7 ^ 2, 

G 2 X G 2 , if 5 is 
even, 

G 2 , if f is odd. 

lb 

(r^s), 

ere, 

{e / 2 or 
(e 7 ^ re and 

e/f)} 

1 

(r':*, r'^s), 
d re, 

0 ^ k < d 
{d 7 ^ 2 or 
{d ^ n and 

1 

(d,e) = 2 , 

[d, e] = re, 

^ (r^) 

the same as 
before for e 

Ic 

^^n/2, 

/I 

Dn 

1 

re 7 ^ 4 

G 2 X G 2 , if f is 
even 

G 2 , if § is odd 

Id 

Dn 

1 

(j.n/‘2^ s) 


re 7 ^ 4 

C 2 XC 2 

le 

d|re, d 7 ^ 1 

0 ^ A: < d 
{d 7 ^ 2 or 
{d ^ n and 

d^t)} 

/I 

{r'',s), 
e|re, e 7 ^ 1 
{e / 2 or 
(e 7 ^ re and 

e^t)} 

1 

(d,e) = 1 , 
[d,e] = f, 

G 

For d = 2, 
(G 2 XG 2 )x,,C 2 , 
if j is even, 

G 2 X G 2 , if t is 
odd. 

For d 7 ^ 2, 

G 2 X G 2 , if t is 
even, 

G 2 , if f is odd. 

If 

e|re, e 7 ^ 1 
{e 7 ^ 2 or 
(e 7 ^ re and 

e/t)} 

1 

(r'^, r'^s), 
d re, d 7 ^ 1 

0 ^ k < d 
{d 7 ^ 2 or 
{d ^ n and 


(d,e) = 1, 
[d,e] = f, 

the same as 
In for e 


First, F n r = ((r'^) U (r'^)r^s) PI ((r®) U (r®)s) = U ((r'^)r^s H (r®)s). 

So F n r = 1 iff n|[d, e] and ^ (r“*)(r®) = If (F,F) is an exact 

factorization, then 2n = |F||r| = ^ i.e. 2n = de, and [d, e] = 2n or n. 

But [d,e\ = 2n implies (d, e) = 1 and € (r), a contradiction. Thus (j9.ip 
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holds. Conversely, if (|9.ip holds, then F n F = 1 and 

FT = (r'^)(r'=) U {r^){r^)s U (r'^)r^s(r^) U (r'^)r^s(r^)s 
= (r^) U {r^)s U {r^)r^s U (r^)r^ = Dn since k is odd. 

Finally, F <1 Dn iff d = 2; F is abelian iff d = n or d = the same for 
F. So, we must suppose that d / 2 or (d / n and d / §) and e 7 ^ 2 or 


(e 7 ^ n and e 7 ^ §). So, F^^(F, F) is non-trivial. Now, using 


Lemma 


H^p (F, F) ~ (F, F) this gives Mm 

Case 2. F n F = M. If (F,F) = {{r^/^,s),Dn), then F < iff n = 4. By 
Lemma [22] (ii), (F, F), n 7 ^ 4, is non-trivial, this gives Ihicl 

Now, we may assume that F = (r'^,r^s) and F = (r®,s). We claim that 
this is a factorization such that F D F = M if and only if 

(9.2) (d,e) = l, [d,e] = ^, r" G (/). 

We have that F n F = s) iff [d, e] = ^ mod n and G (r^T’'^1). If 
(F, F) is a factorization such that F n F = M, then 2n = | =1^^) 

i.e. de = ^, and [d,e] = ^, (d,e) = I. Thus (19.2p holds. Conversely, if (19.2p 
holds, then F n F = M and 

FF = U U U 

= (r) U {r)s U {r)r^s U (r)r^ = Dn- 

If I 74 a G H‘^{Dn/d,'^'^) ^ (^2 ~ 9 /3 7 ^ 1, then al^nr / 1, 

/3|Fnr / 1 by Lemma lOl below. Further, H^p{F,T), d 7 ^ 2 or (d 7 ^ n and 
d 7 ^ and e 7 ^ 2 or (e 7 ^ n and e ^), is non-trivial, this gives [9lel □ 

Then the Hopf algebra associated to [He] is a twisting of kF„. 

Lemma 9.4. Let n be even. If F = (r'^,r^s), d|n, 0 ^ A; < d, ^ even, then 
the restriction map Res : H'^{Dn,C^) —>• H‘^{F,C^) is non-trivial. □ 


rDn 


Theorem 9.5. Let he n = At, 3. The Hopf algebras from Table\^ admit 
families of finite-dimensional Yetter-Drinfeld modules V with 55(14) = A(I4). 
Hence we get new finite-dimensional Hopf algebras with the dual Chevalley 
property. □ 

The liftings of ^{V)^hG, where V is as above, are classified in [FGl 
Theorem Bj. Indeed, the Hopf algebras 

• ^{Mj)#kDn with I = {(z, k)} £ X, k ^ n, 

• ^{Mif)if'kDn with L £ C, 

• T/(A, 7 ) with / G F, |/| ^ 1 or / = {(z,n)} and 7 = 0, 

• Bpi{X,'y,6, fi) with (d, L) G 1C, j/j > 0 and |F| > 0, 
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are liftings of ^{y)^'kDn and any lifting is isomorphic to one of these 
algebras. For the definitions see |FG| Def. 2.6, 2.9, 2.14, 3.9, 3.11]. For the 
isomorphism classes of these families of Hopf algebras see [FGl Lemma 3.16, 
3.17] 

Remark 9.6. Let be n = 4t, t ^ 3 and H be the Hopf algebra corresponding 
to [9lcl The classification of all liftings of follows from [FGl Th. 

B]. The idea is the same as in Remarks 13.3114.4115.41 and 17.41 
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